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ON THE ADO THEOREM FOR FINITE LIE CONFORMAL
ALGEBRAS WITH LEVI DECOMPOSITION
PAVEL KOLESNIKOV
Abstract. We prove that a finite torsion-free conformal Lie algebra with a
splitting solvable radical has a finite faithful conformal representation.
1. introduction
Conformal algebras were introduced in [10] as an algebraic formalism describing
properties of the singular part of the operator product expansion (OPE) in confor-
mal field theory (i.e., conformal Lie algebra is a singular part of a vertex operator
algebra). The same notion is often called vertex Lie algebra (see, e.g., [8]). The
relations of conformal algebra with other areas of mathematics include hamiltonian
formalism in the theory of evolution equations [1], variational calculus [7], and the
theory of algebraic structures arising from algebraic topology and K-theory [13],
see [11].
From the formal point of view, the category of conformal algebras is the first
member (after “ordinary” algebras over a field) in the hierarchy of pseudo-algebras
over cocommutative bialgebras, as described in [1]. The case of ordinary algebras
corresponds to the one-dimensional bialgebra H = k, conformal algebras are mod-
ules over the polynomial bialgebra H = k[∂]. As in the case of ordinary algebras,
an associative conformal algebra turns into a Lie conformal algebra by means of
the standard morphism of the corresponding operads given by x1x2 7→ x1x2−x2x1.
The converse statement does not hold in general: There exist Lie conformal alge-
bras that cannot be embedded into an associative one [16]. However, it is an open
problem whether a finite (i.e., finitely generated over H) conformal Lie algebra has
such an embedding. A more precise problem can be stated as follows: Whether a
finite conformal Lie algebra which is torsion-free as an H-module can be faithfully
represented by conformal endomorphisms [10] of a finitely generated torsion-free
H-module M? This statement would be the “conformal analogue” of the classical
Ado Theorem. The purpose of this paper is to make a step towards the solution of
this problem.
The Ado Theorem is a fundamental fact in the theory of Lie algebras, however,
it has a reputation of “strange” theorem [14]. Every known proof of this statement
(e.g., the classical ones [9], [15], or the short and elegant proof in [14]) exploits the
following basic properties of finite-dimensional Lie algebras:
(A1) The Poincare´—Birkhoff—Witt (PBW) Theorem (at least for nilpotent al-
gebras);
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(A2) Complete reducibility of finite-dimensional modules over semisimple alge-
bras;
(A3) The image of a solvable Lie algebra under its derivation is nilpotent;
(A4) The Levi Theorem (splitting of the solvable radical).
For conformal algebras (even for finite ones), these properties do not hold in general.
This is the reason why proving an analogue of the Ado Theorem for conformal
algebras is a challenging problem.
In [17], it was shown that a nilpotent conformal Lie algebra embeds into a nilpo-
tent associative conformal algebra, thus, the property (A1) is not essential for our
purpose.
In [12], we eluded the property (A2): The existence of a finite faithful representa-
tion was proved for torsion-free finite Lie conformal algebras of “classical type”, i.e.,
with a splitting solvable radical and without Virasoro elements in the semisimple
part. These conformal algebras turn to be subalgebras of current conformal alge-
bras over finite-dimensional ordinary Lie algebras. It is interesting to note that the
proof in [12] was not based on the Ado Theorem for ordinary algebras. Therefore,
the problem was solved for those conformal Lie algebras satisfying the analogues of
(A3) and (A4).
The purpose of this note is to eliminate (A3). Namely, we prove the conformal
version of the Ado Theorem for an arbitrary finite torsion-free conformal Lie algebra
L with a splitting solvable radical.
Let k be a field of zero characteristic. Without loss of generality (see [12, Lemma
7]) we may assume k to be algebraically closed. Throughout the paper, the symbol
⊗ without a subscript means the tensor product of spaces over k.
2. Conformal algebras and their representations
A conformal algebra [10] is a unital module C over the polynomial algebra H =
k[∂] equipped with a polynomial-valued k-linear operation (·(λ)·) : C ⊗ C → C[λ],
where λ is a formal variable (this operation is called λ-product), satisfying the
following axioms:
(1) (∂a(λ)b) = −λ(a(λ)b), (a(λ)∂b) = (λ+ ∂)(a(λ)b).
Conformal algebra is said to be finite if it is finitely generated as a module
over H .
Equivalently, one may consider a conformal algebra C as a linear space over k
with one linear operation ∂ and with an infinite family of bilinear products (·(α)·),
α ∈ k, where (a(α)b) = (a(λ)b)|λ=α for a, b ∈ C.
Another interpretation of a conformal algebra structure is based on the notion
of a pseudo-tensor category. Let us sketch the ideas developed in [1] to clarify the
relations between “ordinary” and conformal algebras and their representations.
Consider the polynomial algebraH = k[∂] and denote byM(H) the class of (left)
unital H-modules. Recall that H carries the standard bialgebra structure given by
coproduct ∆(∂) = ∂ ⊗ 1 + 1⊗ ∂ and counit ε(∂) = 0. Given M1, . . . ,Mn,M ∈ M,
denote
(2) Pn(M1, . . . ,Mn;M) = HomH⊗n(M1 ⊗ · · · ⊗Mn, H
⊗n ⊗H M),
where H⊗n is considered as the outer product of regular right H-modules. For the
class M(H), the spaces (2) play the same role as the spaces of polylinear maps
for the class of linear spaces over a field. There exist a composition rule and an
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equivariant symmetric group action on (2) such that M(H) turns into a pseudo-
tensor category in the sense of [3]. Conformal algebra C is exactly the same as
an algebra in M(H) with one binary operation (pseudo-product) µ ∈ P2(C,C;C).
Namely, for a, b ∈ C,
(a(λ)b) =
∑
n≥0
λncn, cn ∈ C,
we have
µ(a, b) =
∑
n≥0
((−∂)n ⊗ 1)⊗H cn.
In these terms, (1) is equivalent to H⊗2-linearity of µ.
These data are enough to define what is an algebra (associative, commutative,
Lie, etc.), a homomorphism, a representation (module), and a cohomology in the
class M(H) [1].
For example, the associativity of a conformal algebra C may be expressed in
terms of pseudo-product as
µ(µ, id) = µ(id, µ) ∈ P3(C,C,C;C),
and in terms of λ-product as
(a(α)(b(β)c)) = ((a(α)b)(α+β)c), a, b, c ∈ C, α, β ∈ k.
Similarly, the anti-commutativity and the Jacobi identity for a pseudo-product µ
have the same form as for “ordinary” product:
µ = −µ(12),
µ(id, µ)− µ(id, µ)(12) = µ(µ, id).
In terms of λ-product, these relations turn into
(a(α)b) = −(b(−∂−α)a),
(a(α)(b(β)c))− (b(β)(a(α)c)) = ((a(α)b)(α+β)c),
for a, b, c ∈ C, α, β ∈ k, respectively.
As in the case of ordinary algebras, an associative conformal algebra C with
respect to the new λ-product
[a(α)b] = (a(α)b)− (b(−∂−α)a)
satisfies anti-commutativity and Jacobi identity, i.e., is a Lie conformal algebra.
Below we will use the brackets [·(λ)·] to denote λ-products in all Lie conformal
algebras.
The notions of an ideal, solvability, and nilpotence have the natural interpreta-
tion in conformal algebras. A conformal algebra C is called trivial if C(α)C = 0
for all α ∈ k. A nontrivial conformal algebra is simple if it has no nonzero proper
ideals. If C has no nonzero solvable ideals then it is said to be semisimple.
To define a conformal algebra structure on an H-module, it is enough to define
the λ-product on its generators over H and then expand it to the entire module by
means of (1).
Example 1. Let a be an ordinary algebra over k. Then the free H-module H ⊗ a
can be considered as a conformal algebra with respect to operation
a(λ)b = ab, a, b ∈ a,
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called current conformal algebra Cur a. If a is associative (Lie, alternative, etc)
then so is Cur a.
Example 2. The free H-module of rank one generated by an element v turns into
a Lie conformal algebra by means of the operation
[v(λ)v] = (∂ + 2λ)v.
This structure is called Virasoro conformal algebra Vir.
Example 3. Suppose g is a Lie algebra. The direct sum ofH-modulesHv⊕(H⊗g)
with respect to
[v(λ)v] = (∂ + 2λ)v, [v(λ)a] = (∂ + λ)a, a ∈ g
[a(λ)b] = [a, b], a, b ∈ g,
is a Lie conformal algebra denoted by Vir⋉Cur g, the semi-direct product of con-
formal algebras.
The classification of finite conformal algebras is given by the following
Theorem 1 ([6]). (i) A simple finite Lie conformal algebra is isomorphic either to
Vir or to Cur g, where g is a finite-dimensional simple Lie algebra.
(ii) A semi-simple finite Lie conformal algebra is a direct sum of conformal al-
gebras C1 ⊕ · · · ⊕ Ck, where each Ci is either simple or isomorphic to Vir⋉Cur g,
g is a simple finite-dimensional Lie algebra.
An arbitrary finite associative or Lie conformal algebra C obviously has a max-
imal solvable ideal (radical) R such that C/R is a semisimple conformal algebra.
However, for Lie conformal algebras there is no analogue of the Levi Theorem
stating C ≃ (C/R)⋉R. As in the case of ordinary Lie algebras, the abelian exten-
sions of conformal algebras are described in terms of the second cohomology group.
The corresponding notions were introduced in [2], were cohomologies of simple and
semisimple finite conformal algebras with coefficients in their irreducible modules
were computed; many of them are nontrivial.
Suppose C is an associative (Lie) conformal algebra. Then a conformal module
over C is an H-module M ∈ M(H) equipped with ν ∈ P2(C,M ;M) satisfying
the appropriate associativity (Jacobi) identity. It terms of λ-product these notions
were introduced and studied in [4]
Remark 1. In this study, we consider those conformal algebras (and their modules)
that are torsion-free as H-modules. The reason for such a restriction comes from the
following observation [6, 1]. If U, V,W ∈ M(H), µ ∈ P2(U, V ;W ), then µ(a, V ) =
µ(U, b) = 0 for every torsion elements a ∈ U , b ∈ V . Hence, a conformal algebra
with a nonzero H-torsion has no faithful representations.
Irreducible representations of finite simple and semisimple Lie conformal algebras
are described by
Theorem 2 ([4]). (i) A finite irreducible conformal module over Vir is a free H-
module of rank one generated by an element u such that
v(λ)u = (α+ ∂ +∆λ)u, α,∆ ∈ k, ∆ 6= 0.
Such a module is denoted Mα,∆.
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(ii) Suppose g is a finite-dimensional simple Lie algebra. A finite irreducible con-
formal module over Cur g is isomorphic to H ⊗U , where U is a finite-dimensional
irreducible g-module, and
g(λ)u = gu, g ∈ g, u ∈ U.
This module is natural to denote by CurU .
(iii) Suppose g is a finite-dimensional simple Lie algebra. A finite conformal
module Mα,∆,U over Vir⋉Cur g is constructed as H ⊗ U , where U is a finite-
dimensional g-module, and
v(λ)u = (α+ ∂ +∆λ)u, α,∆ ∈ k,
g(λ)u = gu, g ∈ g, u ∈ U.
Every finite irreducible conformal module over Vir⋉Cur g is isomorphic toMα,∆,U ,
where either U is an irreducible g-module (and ∆ is an arbitrary scalar) or U is
trivial one-dimensional and ∆ 6= 0.
If L is a Lie conformal algebra and a ∈ L then the operation Dλ = [a(λ)·] : L→
L[λ] has the following property: Dλ([x(µ)y]) = [(Dλx)(λ+µ)y] + [x(µ)(Dλy)] for all
x, y ∈ L. In general, such a map Dλ is called a conformal derivation of L.
Lemma 1 (c.f. [4, Proposition 3.1]). Assume C is a conformal algebra which is a
conformal module over Vir = Hv such that Dλ = (vλ·) is a conformal derivation
of C. Suppose M is a conformal Vir-submodule of C isomorphic to Mα,∆ for some
α,∆ ∈ k, and N is a trivial conformal Vir-submodule of C. Then (N(λ)M) = 0 in
C.
Proof. Denote M = Hu, where (v(λ)u) = (α + ∂ + λ∆)u. Choose an arbitrary
a ∈ N and consider a(λ)u =
∑
i λ
ici ∈ C[λ]. Then
(3) D0(a(λ)u) = a(λ)D0u = (α + λ+ ∂)(aλu).
SinceD0
(∑
i λ
ici
)
=
∑
i λ
iD0ci, the degree in λ of the left-hand side of (3) does not
exceed the degree of (a(λ)u). If the latter is finite then the right-hand side of (3) has
a greater degree than (a(λ)u). The contradiction obtained proves (a(λ)u) = 0. 
3. Composition series in conformal modules
Note that a finite conformal module even over a finite simple Lie conformal
algebra cannot (in general) be decomposed into a direct sum of irreducible ones (see
[5] for a systematic study of extensions). Moreover, although the lattice of conformal
submodules in a given module is modular (Dedekind), a finite composition series
may not exist even in a finite conformal module. As an example, consider the free
H-module M1 of rank one with respect to a trivial action of a conformal algebra
(say, over Vir). Then there exists a normal series
0 ⊂ ∂nM1 ⊂ ∂
n−1M1 ⊂ · · · ⊂ ∂M ⊂M
of arbitrary length n. However, we may still apply a kind of triangular decomposi-
tion to those conformal modules we need (see Lemma 4 below).
Some of the results of this section can be recovered from [4, 5], but we state their
proofs for readers’ convenience.
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Lemma 2. Let L be a conformal algebra of type Vir⋉Cur g, where g is either a
finite-dimensional simple Lie algebra or g = 0 (i.e., L = Vir). Suppose V , M ,
and E are three finite conformal modules over L such that M is irreducible, V is a
trivial torsion-free L-module, and there exists a short exact sequence
(4) 0→ V → E →M → 0
of conformal modules over L. Then E ≃ V ⊕ M , the direct sum of conformal
modules over L.
Proof. Extensions of conformal modules may be described via the corresponding
conformal cocycles (see [5, 7]). Let L, M , and V be as in the statement. A k-linear
map ϕλ : L ⊗ M → V [λ] satisfying the 3/2-linearity condition similar to (1) is
called a cochain. If a cochain ϕλ satisfies
(5) ϕλ(a, b(µ)u)− ϕµ(b, a(λ)u) = ϕλ+µ([a(λ)b], u)
for all a, b ∈ L, u ∈ M then ϕλ is said to be a cocycle. For every H-linear map
τ : M → V its differential δλτ : L⊗M → V defined by (δλτ)(a, u) = τ(a(λ)u) is a
cocycle.
Obviously, every cocycle ϕλ : L⊗M → V [λ] gives rise to a conformal L-module
E = E(M,V, ϕ) such that the sequence (4) is exact. Conversely, every exact se-
quence (4) allows to define the corresponding cocycle [7, Theorem 2.1]. Moreover,
for given cocycles ϕλ and ψλ, the extensions E(M,V, ϕ) and E(M,V, ψ) are iso-
morphic if and only if ϕλ − ψλ = δλτ for an appropriate τ :M → V .
To prove the statement, it is enough to show that every cocycle ϕλ : L⊗M → V
is equal to δλτ for some τ : M → V . By Theorem 2, there are three cases to be
considered.
Case 1: L = Vir, M =Mα,∆, ∆ 6= 0;
Case 2: L = Vir⋉Cur g, M =Mα,∆,U , ∆ 6= 0;
Case 3: L = Vir⋉Cur g, M =Mα,0,U , U is a nontrivial g-module.
Let us consider Case 2 and Case 3 in details since Case 1 is completely covered
by calculations from Case 2.
In Case 2, suppose ϕλ(v, u) =
∑
i fi(∂, λ)wi(u), u ∈ U , where fi(∂, λ) ∈ k[∂, λ],
wi(u) are linearly independent over k in V . Then by (5) we have (for a = b = v,
µ = 0)
(α+ ∂)fi(∂, λ) = (α+∆λ+ ∂)fi(∂, 0).
Since ∆ 6= 0, α + ∂ divides fi(∂, 0), so fi(∂, λ) = (α + ∆λ + ∂)hi(∂). Define
τ(u) =
∑
i hi(∂)wi(u) ∈ V . Then ϕλ(v, u) = τ(v(λ)u) = (δλτ)(v, u). Therefore,
without loss of generality (replacing ϕλ with ϕλ−δλτ) we may assume ϕλ(v, u) = 0.
Now, consider g ∈ g. Then by (5) we have (for a = v, b = g, λ = 0)
ϕ0(v, gu)− ϕµ(g, (∂ + α)u) = ϕµ(∂g, u),
that implies (α+ ∂)ϕµ(g, u) = 0. Since V is torsion-free, we have ϕλ ≡ 0.
In Case 3, the same computations with a = b = v imply that ϕλ(v, u) do not
depend on λ for every u ∈ U . Suppose V = H ⊗W , {wi}i∈I is a basis of the linear
space W . Then for every u ∈ U we may write ϕλ(v, u) =
∑
i f
u
i (∂)wi, f
u
i ∈ H .
Let us represent fui (∂) as (α+ ∂)h
u
i (∂) + β
u
i , β
u
i ∈ k. Then for τ(u) =
∑
i h
u
i (∂)wi
we have (δλτ)(v, u) = ϕλ(v, u)−
∑
i β
u
i wi. Hence, we may assume without loss of
generality that fui (∂) are constants from k.
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Suppose ϕλ(g, u) =
∑
i h
g,u
i (∂, λ)wi, h
g,u
i ∈ k[∂, λ]. By the same reasons as in
Case 2 we have
ϕ0(v, gu) = (α+ ∂)ϕµ(g, u),
so fgui = (α + ∂)h
g,u
i (∂, µ). Since the left-hand side is constant, we obtain f
gu
i =
hg,ui = 0 for all g ∈ g, u ∈ U . Hence, ϕλ ≡ 0. 
Remark 2. Note that Lemma 2 does not hold for L = Cur g for simple finite-
dimensional Lie algebras g, see [5, Proposition 4.4].
Lemma 3. Let L be as in Lemma 2, and let V be a finite non-trivial torsion-free
conformal module over L. Then V contains an irreducible conformal submodule.
Proof. Choose a nontrivial conformal L-submodule W of minimal rank in V . De-
note by R the set of all those nontrivial conformal L-submodules in W that have
the same rank over H as W . For every U ∈ R there exists h ∈ H , h 6= 0, such that
hW ⊆ U (since W/U coincides with its torsion). Denote
V0 =
⋂
U∈R
U,
then L(λ)W ⊆ V0[λ]. Since L is a perfect algebra (
∑
α∈k[L(α)L] = L), the last
expression implies that V0 is a nontrivial conformal L-module. Hence, the rank
of V0 coincides with the rank of W , and there are no nontrivial proper conformal
L-submodules in V0.
Choose a maximal (proper) conformal L-submodule U0 in V0. By the construc-
tion of V0, U0 has to be trivial. The maximality of U0 implies M0 = V0/U0 to
be an irreducible conformal L-module. By Lemma 2 there exists a conformal L-
submodule in V0 isomorphic to M0. This is the desired submodule. 
Lemma 4. Let L be as in Lemma 2, and let M be a finite conformal module over
L. Then there exists a chain of submodules
0 =M−1 ⊂M0 ⊂ · · · ⊂Mn =M,
where Mk/Mk−1 is either irreducible or trivial torsion-free or coincides with its
torsion (hence, trivial).
Proof. This is an immediate corollary of Lemma 3. Note that if M is nontrivial
torsion-free conformal L-module then M0 has to be irreducible. 
Lemma 5. Assume C is a torsion-free conformal algebra which is a conformal
module over Vir = Hv such that Dλ = (vλ·) is a conformal derivation of C. Suppose
M is a conformal Vir-submodule of C isomorphic to Mα,∆ for some α,∆ ∈ k, and
N is an arbitrary finite conformal Vir-submodule of C. If (N(λ)M) falls into the
kernel of D0 then (N(λ)M) = 0 in C.
Proof. Let M = Hu, D0u = (α+ ∂)u. Consider the triangular decomposition from
Lemma 4 for N :
0 = N−1 ⊂ N0 ⊂ · · · ⊂ Nr = N.
Assume k ≥ 0 is the minimal index such that (Nk(λ)M) 6= 0.
If Nk/Nk−1 is a trivial Vir-module then for every a ∈ Nk we have D0a ∈ Nk−1,
so
0 = D0(a(λ)u) = a(λ)D0u = (α+ ∂ + λ)(a(λ)u).
Since C is torsion-free, (a(λ)u) = 0.
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If Nk/Nk−1 is an irreducible Vir-module isomorphic to Mβ,δ then Nk = Ha +
Nk−1, where D0a ∈ (β + ∂)a+Nk−1. In this case,
0 = D0(a(λ)u) = (D0a(λ)u) + a(λ)D0u = (β + α+ ∂)(a(λ)u),
so a(λ)u = 0. 
4. Finite faithful representation
Suppose L is a finite torsion-free conformal Lie algebra with the maximal solvable
ideal R. Assume R splits in L, i.e., L = L0 ⋉ R, where L0 is semisimple. Denote
by Z(L) the center of L.
First, consider the case when R is nilpotent.
Proposition 1. If R is nilpotent and L0 contains a summand L1 isomorphic either
to Vir or to Vir⋉Cur g (g is a simple finite-dimensional Lie algebra) such that R
is a nontrivial conformal L1-module then L contains a nonzero ideal I such that
I ∩ Z(L) = 0 and [R(λ)I] = 0.
Proof. Consider the sequence of ideals
R = R1 ⊃ R2 ⊃ · · · ⊃ Rn−1 ⊃ Rn = 0,
where Rl+1 =
∑
α∈k
[R(α)R
l]. Choose the maximal m such that Rm is a nontrivial
L1-module. By Lemma 3 there exists an irreducible conformal L1-submodule M0
in Rm.
It turns out that M0 is the desired ideal in L. Let us consider in details the case
when L1 = Vir⋉Cur g and M0 = Mα,∆,U as in Theorem 2(iii). By v we denote
the canonical Virasoro element of L1. It is enough to show that [Lk(λ)M0] ⊆M0[λ]
for all k > 1 and [R(λ)M0] ⊆M0[λ].
Let u ∈ U . Then Hu is a conformal Vir-submodule in L which is isomorphic to
Mα,∆. For k > 1, the summand Lk is a trivial Vir-module. Hence, by Lemma 1 we
have [Lk(λ)M0] = 0.
Finally, note that [R(λ)M0] ⊆ R
m+1[λ]. By the choice of m, Rm+1 is a trivial
L1-module. Therefore, we may apply Lemma 5 to conclude [RλM0] = 0.
We have found an ideal I = M0 6= 0 in L which has zero intersection with the
center Z of L since [v(0)·] has no kernel in M0. 
Now, let us expand the results of Proposition 1 to the more general case.
The conformal version of the Lie theorem for solvable Lie conformal algebras [6]
implies, in particular, that R′ = R2 is nilpotent.
Proposition 2. If L0 contains a summand L1 isomorphic either to Vir or to
Vir⋉Cur g (g is a simple finite-dimensional Lie algebra) such that R is a nontrivial
conformal L1-module then L contains a nonzero ideal I such that I ∩ Z(L) = 0.
Proof. Case 1. Assume R′ is a trivial L1-module. By Lemma 3, R contains an
irreducible conformal L1-submodule M0 = Mα,∆,U . For each 0 6= u ∈ U , Hu
is a conformal module over Vir isomorphic to Mα,∆. Then [Li(λ)Hu] = 0 by
Lemma 1. Moreover, [R(λ)Hu] ⊆ R
′[λ], so we may apply Lemma 5 to conclude
[RλM0] = 0. Hence, I = M0 is an ideal of L which has no intersection with Z(L)
since Ker [v(0)·] ∩M0 = 0.
Case 2. Assume R′ is a nontrivial L1-module. Then by Proposition 1 there
exists an ideal M0 of L0 ⋉ R
′ such that [R′(λ)M0] = 0. As an L1 module, M0 is
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isomorphic to Mα,∆,U , where U is either 1-dimensional or an irreducible g-module.
We are going to prove that the ideal generated by M0 in the entire algebra L has
trivial intersection with its center.
Consider A = R/R′ as a conformal module over Vir = Hv ⊆ L1 with respect
to the induced regular action. By Lemma 4, there exists a sequence of conformal
Vir-modules 0 = A−1 ⊂ A0 ⊂ · · · ⊂ An = A, where Ak/Ak−1 is either isomorphic
to Mαk,∆k or trivial. Define an index I(k), k = 0, . . . , n, in the following way:
I(k) = 1 if Ak/Ak−1 ≃ Mαk,∆k and I(k) = 0 if Ak/Ak−1 is trivial (either torsion-
free or coincides with its torsion).
Suppose a¯k, k = 0, . . . , n, are the generators of Ak/Ak−1 over H , and choose the
corresponding pre-images ak ∈ R. Then the set {ak + R
′ | k = 0, . . . , n} generates
R/R′ over H , and
D0ak ∈ I(k)(∂ + αk)ak +
∑
0≤i<k
fik(∂)ai +R
′,
where D0 = [v(0)·] (we do not define what is αk when I(k) = 0).
Denote
(6) wk0,...,knα1,0,...,αk0,0,...,α1,n,...,αkn,n
= [an(α1,n) . . . [an(αkn,n)[an−1(α1,n−1) . . . [a0(α1,0) . . . [a0(αk0,0)u] . . . ]]]],
where u ∈ U , αl,i ∈ k, ki ≥ 0. Let W (a0, . . . , an) ⊂ R be the set of all w =
wk0,...,knα1,0,...,αk0,0,...,α1,n,...,αkn,n . It is clear that the H-linear span I of all elements from
W (a0, . . . , an) is the ideal in L generated by M0. Indeed, since R/R
′ is an Abelian
Lie conformal algebra and [R′(λ)u] = 0, we have [ak(α)w] ∈ I for all w ∈ I (one may
re-arrange the operators [ai(αl,i)·] in the desired way). Obviously, I is closed under
the multiplication with Li for i = 1, . . . , s, but, in general, [Li(λ)I] 6= 0 in contrast
to Proposition 1.
Define the weight wtw of an expression w of the form (6) as the (n + 2)-tuple
(k0 + · · ·+ kn, kn, . . . , k0), and let the weights be the lexicographically ordered.
Assume Z(L)∩I 6= 0. For every z ∈ Z(L)∩I, z 6= 0, there exists its presentation
(7) z = h1(∂)w1 + · · ·+ hm(∂)wm, hi 6= 0, wm ∈ W (a0, . . . , an);
such that maxi wtwi is minimal among all presentations of z in the form (7). Denote
such a weight by wt z. Then, consider those presentations of z in the form (7) with
maxi wtwi = wt z and choose one with minimal number r of wis with wtwi = wt z
(say, wtw1 = · · · = wtwr = wt z, wtwi < wt z for i = r + 1, . . . ,m). Denote this
number r by deg z. Both wt z and deg z are well-defined: They depend only in
z ∈ Z(L) ∩ I, z 6= 0.
Straightforward computation shows
(8) D0w = (∂ + α(w))w + z
′, α(w) ∈ k, wt z′ < wtw
for w ∈ W (a0, . . . , an).
We may choose 0 6= z0 ∈ Z(L) ∩ I such that: (1) wt z0 is minimal among all
z ∈ Z(L) ∩ I, z 6= 0; (2) r = deg z0 is minimal possible among all z with minimal
wt z.
Then
z0 = h1(∂)w1 + · · ·+ hr(∂)wr + z
′,
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where wtw1 = · · · = wtwr = wt z0 and wt z
′ < wt z0. But (8) implies
0 = D0z0 = h1(∂)(∂ + α(w1))w1 + · · ·+ hr(∂)(∂ + α(wr))wr + z
′′,
where wt z′′ < wt z0. Hence,
(∂ + α(w1))z0 ∈ (Z(L) ∩ I) \ {0}
has either smaller weight or smaller degree than z0. The contradiction obtained
proves I ∩ Z(L) = 0. 
Theorem 3. Let L be a finite torsion-free conformal Lie algebra with a splitting
solvable radical R. Then L has a finite faithful conformal representation.
Proof. Suppose L is a counterexample of minimal rank over H . Then Z(L) 6= 0:
Otherwise, the regular representation is faithful.
By Theorem 1(ii), L0 = L1 ⊕ · · · ⊕ Lk ⊕ Lk+1 ⊕ · · · ⊕ Ls, where Li are either
Cur g or Vir or Vir⋉Cur g.
Let L1, . . . , Lk be as in Lemma 2 (contain Virasoro element), and let Lk+1, . . . , Ls
be isomorphic to current conformal algebras. The case k = 0 was considered in [12],
so assume k ≥ 1, i.e., L0 contains Virasoro elements.
The radical R is a conformal module over Li for every i = 1, . . . , s. If R is trivial
over all L1, . . . , Lk then L can be presented as L
′ ⊕ L′′, where
L′ = L1 ⊕ · · · ⊕ Lk, L
′′ = (Lk+1 ⊕ · · · ⊕ Ls)⋉R.
Here L′ is semisimple, L′′ is of the kind considered in [12]. Since both L′ and L′′
have finite faithful conformal representations, so is L. Therefore, we may assume
R is a nontrivial L1-module.
Propositions 1 and 2 imply the existence of an ideal I of L such that I∩Z(L) = 0.
Consider the set Iˆ = {a ∈ L | h(∂)a ∈ I for some h ∈ H} ⊇ I. Since [L(λ)Iˆ] ⊆ I[λ],
this is also an ideal in L. Moreover, if I ∩ Z(L) = 0 then Iˆ ∩ Z(L) = 0 (recall
that the algebra L is torsion-free). Both L/Z(L) and L/Iˆ are torsion-free finite Lie
conformal algebras of smaller rank than L, thus have finite faithful representations.
The direct sum of these representations would be a faithful finite representation
of L. 
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